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The van der Waals (vdW) equation (Eq.) is modiﬁed to describe thermodynamic of phase behavior of
ﬂuids conﬁned in nanopore. Our aim is to compute pressures exerted by the ﬂuid molecules and to
investigate how they change due to pore proximity by assuming the pore wall is inert. No additional
scaling of model parameters is imposed and original volume and energy parameters are used in the
calculations. Our results clearly show the phase changes due to conﬁnement. The critical shifts of
temperatures and pressures are in good agreement compared to the laboratory data and molecular
simulation. Peng-Robinson (PR) equation-of-state (EOS) has resulted in different effect than the vdW.
This work delivers insights into the nature of ﬂuid behavior in extremely low-permeability nanoporous
media, especially in the tight shale reservoirs, below the critical temperatures.
© 2015 Elsevier B.V. All rights reserved.
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1. Introduction
The phase behavior of ﬂuids conﬁned in porous media is an
important subject of many practical applications, such as separation processes, oil extraction, estimation of gas-in-place and reserves, heterogeneous catalysis, molecular transport, among others
(Holt et al., 2006; Travalloni et al., 2010a; Didar and Akkutlu, 2013).
The energy dissipated by the friction due to conﬁnement induces
liquidegas phase transitions, chemical transformations, and also
drastic changes of static and dynamic properties, such as shear
stress, compressibility, coefﬁcient of friction, and viscosity
(Zarragoicoechea and Kuz, 2002). The dynamic and static property
changes are different from bulk behavior even qualitatively (Singer
and Pollock, 1992). The conﬁnement effect becomes important as
the dimensions of the pores shrink. Fluids conﬁned within pores of
nanometer are in between bulk matters and single atoms or molecules and, as a consequence, ﬁnite size and surface effects must be
investigated (Singh et al., 2009). Any real system interfaces either
with walls of a container, or with different phases of the substance
under consideration. Fluids trapped in pore spaces with the dimensions of 5e10 molecules organize as layers, and within each
layer lateral order exists. A particular structure exists across thin
ﬁlms and an oscillatory force decaying exponentially varies

* Corresponding author.
E-mail address: Akand.Islam@beg.utexas.edu (A.W. Islam).
http://dx.doi.org/10.1016/j.jngse.2015.04.035
1875-5100/© 2015 Elsevier B.V. All rights reserved.

between attraction and repulsion with a periodicity of the scale of
molecular dimension (Zarragoicoechea and Kuz, 2002; McGuiggan
and Israelachvili, 1990; Varnik et al., 2000). Pot et al. (1996) presented a lattice-gas cellular automata porous media model exhibiting vaporeliquid equilibrium of microscopic ﬂuid on solid walls.
Their study implicitly revealed a ﬂuid in nanopore experiences
tensorial effect. Thermodynamic model should describe this phenomenon. There are few laboratory experiments conducted to
study the conﬁnement at nanopore scale (Morishige et al., 1997;
Morishige and Shikimi, 1998; Konno et al., 1985; Sakuth et al.,
1998; Yun et al., 2004). Imaging tools although powerful are unable to provide us with an understanding of the underlying
mechanisms of how ﬂuids reside and ﬂow in nanopores (Didar and
Akkutlu, 2013). This shortcoming necessitates the employment of
theoretical methods such as molecular simulation (Didar and
Akkutlu, 2013; Singh et al., 2009; Coasne et al., 2009; Demontis
et al., 2003; Dukovski et al., 2000; Giovambattista et al., 2009;
Jiang and Sandler, 2006; Nicholson and Parsonage, 1982;
Severson and Snurr, 2007; Diaz-Campos, 2010; Jiang et al., 2005;
Jiang and Sandler, 2005; Binder et al., 2003) and density functional
theories (Kotdawala et al., 2005; Travalloni et al., 2010b; Wu, 2006).
However these tools are computationally expensive. Studying distributions of ﬂuid mixtures in a large-scale heterogeneous porous
matrix is not possible by using these schemes. Hence researchers
(Zarragoicoechea and Kuz, 2002; Schoen and Diestler, 1998; Giaya
and Thompson, 2002; Meyra et al., 2005; Derouane, 2007; VakiliNezhaad and Mansoori, 2006) have focused on developing
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Notations
A
a
b
dp
F
k
L
N
P
rp
s
R
T
v
V

pore cross sectional area [dm2]
vdW energy parameter [Padm6 mol2]
vdW volume parameter [dm3 mol1]
pore diameter [dm]
Helmholtz free energy [kg dm2 s2]
Boltzman constant
length [dm]
Avogadro number
pressure [MPa]
pore radius [dm]
inter molecular distance [dm]
universal gas constant [dm3 MPa mol1 K1]
temperature [K]
speciﬁc volume [dm3 mol1]
pore volume [dm3]

analytical (semi empirical) EOS models. To study small systems one
needs to modify the basic equations of the conventional (bulk)
thermodynamics. The fundamental concept of phase equilibrium of
nano systems was ﬁrst introduced by Hill (2002) in early sixties.
However there are still serious challenges in deﬁning the environmental variables in nano systems, such as temperature and
pressure. Parallel to thermodynamics of nano systems many attempts have been made by using the concept of non-extensive
statistical mechanics and thermodynamics (Vakili-Nezhaad and
Mansoori, 2006). Tsallis (1988, 1999) showed close relation between nanothermodynamics and non-extensive thermodynamics
through the fundamental parameters (Vakili-Nezhaad and
Mansoori, 2004). In this article we focus on an EOS to address the
nano conﬁnement effects (i.e., the pore size effect). The equation
describes the ﬂuid behavior from the bulk state to extreme
conﬁnement.
Extensions of the vdW EOS to conﬁned ﬂuids have been studied
to predict the critical temperature change with pore size both
qualitatively and quantitatively. Schoen and Diestler (1998) showed
application of vdW to model ﬂuids conﬁned in slit pores based on
perturbation theory. The capillary condensation and reduction in
the critical temperature of the ﬂuid due to conﬁnement were
predicted. The performance of the model near the critical point of
bulk ﬂuid was not satisfactorily. The assumption of a universal
reference ﬂuid could be the cause as observed by Travalloni et al.
(2010b). Giaya and Thompson (2002) obtained good predictions
of water adsorption on two different mesoporous formations. To
study the phase behavior of conﬁned ﬂuids Zarragoicoechea and
Kuz (2002) have improved the vdW considering the tensorial nature of pressure in nanopores. Their work was based on classical
thermodynamics and aimed to understand ﬂuids pressure tensor
change due to pore size reduction. Therefore the pore-wall interaction was ignored. The capillary condensation measured was
consistent with molecular simulation. However, the scaling relations are not good enough to show transition from a conﬁned to
bulk critical property. For instance, the critical temperature of bulk
phase ðs=rp /105 Þ CH4 calculated is 113 K where the true value is
191 K. In a followed-up article (Zarragoicoechea and Kuz, 2004)
they improved their model by regressing original energy and volume parameters of vdW. Here we show that even with no additional scaling of model parameters the vdW can be applied to
conﬁned ﬂuids in nanopore. Our objective is to demonstrate the
critical shifts both qualitatively and quantitatively. In addition,
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Greek symbol
s
Lennard-Jones size parameter
ε
Lennard-Jones energy parameter
Subscripts
1,2
molecules id's
B
bulk
p
pore
red
reduced
Superscript
c
critical
Axes
x
r

axial direction
radial direction

comparison with another classical EOS, such as PR, is shown. A
thorough literature survey (Didar and Akkutlu, 2013; Singh et al.,
2009; Morishige et al., 1997; Morishige and Shikimi, 1998;
Zarragoicoechea and Kuz, 2004; Vishnyakov et al., 2001; Ortiz
et al., 2005; Jana et al., 2009; Devegowda et al., 2012) is performed to collect the critical shifts obtained from experiments and
molecular simulation.
Other investigations on this subject include Vakili-Nezhaad and
Mansoori (2006), who used the exact form of Zarragoicoechea and
Kuz (2002) equation to interpret phase change or fragmentation.
Derouane (2007) proposed a simple modiﬁcation of the attractive
part of vdW to apply for ﬂuids in microporous solids far from
saturation. Travalloni et al. (2010b) extended vdW to describe
different types of adsorption isotherms. Later Travalloni et al.
(2010a) presented critical behavior of pure conﬁned ﬂuids. The
effects of pore size and intensity of the moleculeewall interaction
were evaluated. However their new moleculeewall interaction
term in the model equation is hypothetical and no suggestion is
proposed for any particular pore wall structure.

2. Model
!
Here we show the model development. Pressure P is a diagonal
!
tensor expressed as P ðpi ; i ¼ x; rÞ. The pore model is shown in Fig. 1.
The Helmholtz free energy of N particles interacting by a pair potential U(s12) can be read as

F ¼ f ðTÞ 

 Us

ð Þ
kTN2
 kT12
∬
e

1
dV1 dV2 :
2V 2

(1)

Here f(T) is the free energy of ideal gas. Because we are interested in
measuring the pressure force exerted by the ﬂuid molecules the
pore wall is assumed to be non-wetting. For Lennard-Jones potential Uðs12 Þ equals 4ε½ðs=s12 Þ12  ðs=s12 Þ6 . By following the
derivations shown by Zarragoicoechea and Kuz (2002) a form of F
becomes

Fig. 1. Schematic diagram of pore model.
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kTN 2
kTN2
bþ
F ¼ f ðTÞ þ
V
2V 2

Z

Z
s12 > s

Uðs12 Þ
dV1 dV2 :
kT

(2)

By assuming s12 > s, we solve the double integral numerically as

1
V

∬

s12 > s

 
dp
U ðs12 Þ
4ε
dV1 dV2 ¼ s3 f
:
kT
kT
s
"

Here f ðdp =sÞ ¼ c0 þ c1

.

dp
s

þ c2

(3)

#
. 2
dp
. From data regressions we
s

obtain c0 ¼ 2.7925, c1 ¼ 2.6275, and c2 ¼ 0.6743. The numerical
values of Eq. (3) and of f ðdp =sÞ are shown in Fig. 2. The cylindrical
pore volume and the speciﬁc molar volume are V ¼ Ap Lx ¼ prp2 Lx


V
and v ¼ N
 N/∞ , respectively.
rp /∞
Differentiating the Helmholtz free energy by the relation of




2
vF 
s2 vF 
Pr ¼ sLx vA
;
P
¼

, and letting c0 ¼ a=2εs3 we
x

vL
A
x
p
p
T;Ap

T;Lx

obtain the radial pressure as

Pr ¼

RT

vb



a  s3 εN2 rsp 3c1 þ 4c2 rsp
v2

:




8
s
s
a  2s3 εN2
c1 þ c2
;
27bR
rp
rp



1
s
s
Pc ¼
a  2s3 εN 2
c þ c2
;
rp 1
rp
27b2
Tc ¼

and vc ¼ 3b:

3. Results and discussion
Eqs. (4) and (5) compute the radial and axial components of the
pressure tensor of conﬁned ﬂuid in term of s=rp in a cylindrical pore
of inﬁnite length (Lx / ∞). Fig. 3 shows the Pev diagrams at constant reduced temperature ðTred ¼ T=TBc Þ and pore sizes for CH4 and
N2. The model equations show that the axial pressure is lower than
the radial. Actually when the temperature is subcritical, Maxwell
construction appears to balance the axial pressure. The vaporeliquid equilibrium (VLE) or capillary condensation occurs in the
vicinity of pore wall. The homogeneous gas phase separates from
the liquid. The ﬂuid's global or effective pressure is assumed as
Peff ¼ 1=2ðPx þ Pr Þ. Peff clearly shows the Maxwell loop revealing
the existence of VLE. From this tie line the equilibrium vapor and
liquid densities can also be predicted. Although the wallemolecules
interaction is not considered capillary condensation exists. The
results are critically important for accurate forecast of shale gas

(4)

The axial pressure is deduced as

Px ¼

RT

vb



a  2s3 εN2 rsp c1 þ c2 rsp
v2

:

(5)

The Eqs. (4) and (5) preserve the original vdW constants, a and b.
For s=rp /0 the equations reduce to the original vdW form. The
critical temperature, pressure, and volume are deduced by solving
following differential equations



vPx 
v2 Px 
¼
 ¼0
vv T
vv2 

(6)

T

The critical terms obtained are

Fig. 2. Curve ﬁtting of f ðdp =sÞ (The circles represent numeric values of double integral
of Eq. (3) and the line shows the quadratic ﬁt using Eq. (3)).

Fig. 3. Pev diagram calculated from proposed Eqs. (4) and (5). Dots represent Maxwell's construction relating to vaporeliquid equilibrium.
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productions where the permeability of tight reservoirs can be in
nanoscales. These explain reasons for the signiﬁcant production of
condensate liquids from the nanoporous media in contrast to what
is expected based on the industry's collective experience with
conventional reservoirs (Didar and Akkutlu, 2013; Devegowda
et al., 2012).
We have attempted to reproduce the critical shifts with our
proposed model. The results are shown in Fig. 4. Here
DT c ¼ TBc  Tpc =TBc . The shifts of critical temperatures of O2, Ar, Xe,
CO2, C2H4, and N2 are collected from Morishige et al. (1997),
Morishige and Shikimi (1998), Zarragoicoechea and Kuz (2004);
CH4 from Didar and Akkutlu (2013), Singh et al. (2009), Vishnyakov
et al. (2001), Ortiz et al. (2005), Devegowda et al. (2012); and C4H10
from Singh et al. (2009). As pore size decreases the critical temperature reduces almost linearly. Our proposed model can capture
the reductions quite well especially up to the limit when pore size is
twice the hard sphere molecules ðs=dp z0:5Þ. The deviations arise
due to omitting the different degrees of multilayer adsorption
preceding the capillary condensations. The pore wall is assumed to
be inert. Our simple model also quantiﬁes the critical pressure
shifts ðDP c ¼ PBc  Ppc =PBc Þ shown in Fig. 5. Calculations are
compared with molecular simulation of CH4 (Didar and Akkutlu,
2013; Devegowda et al., 2012), C4H10 (Singh et al., 2009), and
C8H18 (Singh et al., 2009). Negative pressure shifts are discarded
(Singh et al., 2009; Devegowda et al., 2012). Results are deviated
mainly because of neglecting surface tension effects. From Figs. 4
and 5 we can reveal that the critical pressure is more sensitive to
pore proximity than the critical temperature. This is supported by
Singh et al. (2009). They have showed some cases where the shifts
can be even negative, i.e., Ppc > PBc based on different material wall
properties. Because we have assumed inert pore the negative shifts
could not be modeled by the vdW presented. Unlike the case of
critical temperatures critical pressure shifts data are scant. This
certainly warrants more investigations. The critical temperatures
and pressures, Lennard-Jones potential parameters, values of vdW
energy and volume terms used in calculations are obtained from
Smith et al. (2005), Hirschfelder et al. (1993), and Weast (1972),
respectively.
We have applied PR (Peng and Robinson, 1976) empirical
relation of v(v þ b) þ b(v  b) in attraction term and recalculated

Fig. 4. Critical temperature shifts with respect to pore size. (The symbols and lines
represent, respectively, literature data and calculations. References are cited in text.)
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Fig. 5. Critical Pressure shift with respect to pore sizes (symbols and lines represent
literature and calculated data, respectively. References are cited in text.).

Fig. 6. Conﬁnement effects shown by vdW and PR (dots evidence Maxwell's construction relating to vaporeliquid equilibrium).
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Table 1
Calculated critical temperatures and pressures.
Mole

CH4
C2H4
N2

Tc (K)

Pc (bar)

Calculated

Ref. (Smith et al., 2005)

Calculated

Ref. (Smith et al., 2005)

191
285
126

190.6
282.3
126.2

46
49
34

45.99
50.4
34

Pev values. In this case a and b are the original PR parameters
taken from Peng and Robinson (1976). The results with respect to
bulk phase reduced temperature, Tred, are presented in Fig. 6. Our
calculations clearly render that instead of capillary condensations
like in the case of vdW the PR exhibits conﬁnement effects as
suppression of ﬂuids into the supercritical states. This means
pore proximity effect can result in either vaporeliquid existence,
or dense supercritical state as shown by vdW and PR, respectively. We suggest for calculating ﬂuids Pressure-VolumeTemperature (PvT) properties in subcritical or near critical regions ﬁrst to make sure the possibility of existence of multiphases due to extreme conﬁnement before any sort of
predictions, e.g., reserves, transports, etc. by the proposed vdW.
The proposed equation can reproduce critical properties of bulk
molecules. This indicates the ability of smooth transition from
extreme conﬁnement to bulk property. Table 1 shows results of
critical temperatures and pressure of three different molecules




s /105 ;
V
.
v
¼
23
rp
N  N/6:0123  10
5
rp /10 s
4. Conclusions
A modiﬁed form of the vdW EOS is developed to incorporate the
effects of nanopore conﬁnements. The model equations not only
qualitatively show phase change due to pore proximity but also can
quantify critical temperature and pressure shifts by applying
Maxwell's equal area rule. The critical temperature shifts follow
almost linear relation with pore size reductions up to s=dp z0:5.
However in the case of pressures any deﬁnite trend cannot be
followed. It is noteworthy to mention that the vaporeliquid transitions as observed in Fig. 3 are not necessarily due to the pore
proximity only. The calculations are shown for subcritical regions
and therefore the VLE may be expected even in bulk phases in
addition to having certain conﬁnement effects. As the objective of
this study is to predict the pressures exerted by ﬂuid molecules no
wall interactions are accounted. This simple model can substitute
the expensive laboratory experiments and molecular simulation to
deliver answers of phase behavior of ﬂuids in the whole range of
pore sizes from the scale of single molecule to free bulk states. The
PR (Peng and Robinson, 1976) does not show capillary condensation. However, transforming into supercritical state due to pore
proximity is observed. We suggest future extensive investigation on
PR to study phase behavior in nanopores.
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